A variational method is given for determining the essential supremum of the surface conductivity of a partially coated anisotropic dielectric medium from a knowledge of the far field pattern of the time-harmonic electric field at fixed frequency corresponding to an incident plane wave. It is assumed that the shape of the scatterer has been determined (e.g., by solving the far field equation and using the linear sampling method). Numerical examples are given for the scalar case with constant surface conductivity. 1. Introduction. In a previous paper in this journal [5] , we considered the problem of determining the surface impedance of a perfect conductor that is partially coated with a dielectric from a knowledge of the far field pattern of the scattered electromagnetic wave corresponding to an incident time-harmonic plane wave at fixed frequency. Such problems are the simplest model for detecting hostile objects that have been partially coated with a dielectric in order to avoid detection by using such a coating to reduce the radar cross section of the scattered wave. In [5] it was shown that the solution of the far field equation that determines the shape of the scatterer by means of the linear sampling method [11] can also be used in conjunction with a variational method to determine the essential supremum of the surface impedance of the coated portion of the boundary, and numerical examples were given showing the viability of our method.
Introduction.
In a previous paper in this journal [5] , we considered the problem of determining the surface impedance of a perfect conductor that is partially coated with a dielectric from a knowledge of the far field pattern of the scattered electromagnetic wave corresponding to an incident time-harmonic plane wave at fixed frequency. Such problems are the simplest model for detecting hostile objects that have been partially coated with a dielectric in order to avoid detection by using such a coating to reduce the radar cross section of the scattered wave. In [5] it was shown that the solution of the far field equation that determines the shape of the scatterer by means of the linear sampling method [11] can also be used in conjunction with a variational method to determine the essential supremum of the surface impedance of the coated portion of the boundary, and numerical examples were given showing the viability of our method.
In this paper we consider the problem complementary to the one described above; i.e., we now wish to detect a benign object that has been partially coated by a thin conducting material in order to make it appear hostile [6] . An example of this is a wooden decoy in the shape of a tank that is partially coated by metallic paint. The problem is again to determine a coefficient (the surface conductivity) in the boundary condition from a knowledge of the far field pattern of the scattered electromagnetic wave corresponding to an incident time-harmonic plane wave. (The shape of the scatterer can again be determined by the linear sampling method.) However, the problem of determining the surface conductivity is considerably more complicated than the problem of determining the surface impedance of a coated perfect conductor since we now have a mixed boundary value problem for a penetrable obstacle. In particular, we now must consider an interior transmission problem with mixed boundary conditions, and the well-posedness of such problems is unknown.
The plan of our paper is as follows. After formulating the mathematical model for the scattering of time harmonic electromagnetic waves by an anisotropic medium that is partially coated by a thin conducting layer, we consider the scalar case corresponding to the scattering of electromagnetic waves by an infinite cylinder. We first show that in this case both the direct scattering problem and the interior transmission problem are well posed. We then use these results to derive a variational formula for the determination of the essential supremum of the surface conductivity of the coated portion of the boundary from a knowledge of the far field pattern of the scattered time-harmonic magnetic field. Finally, we derive an analogous formula for determining the surface conductivity in the case of Maxwell's equations in R 3 under the assumption that the interior transmission problem in this case is well posed. We conclude by presenting some numerical examples for the scalar case with constant surface conductivity.
Formulation of the direct and inverse scattering problem.
We consider the scattering of time-harmonic electromagnetic waves with frequency ω from an infinitely long cylindrical anisotropic dielectric partially coated with a very thin layer of a highly conductive material. We assume that the electric permittivity 0 and magnetic permeability µ 0 of the exterior dielectric background medium are positive constants, whereas the scatterer has the same magnetic permeability µ 0 as the exterior medium but the electric permittivity and the conductivity σ are real 3 × 3 matrix valued functions. After an appropriate scaling [12] , the total electric and magnetic fields E, H satisfy the time-harmonic homogeneous Maxwell equations in the exterior of the scatterer, . Let the real valued function η > 0 defined on the coated portion of the boundary of the scatterer describe the physical properties of the highly conductive coating (see [1] ). As shown in [8] , the tangential component of the electric field is continuous across the boundary
while the tangential component of the magnetic field is continuous only on the uncoated part of the boundary
and satisfies the following relation on the coated part of the boundary:
The exterior field E, H is given by
where E s , H s is the scattered field satisfying the Silver-Müller radiation condition at infinity [12] and E i , H i is the given incident field. Now we assume that the scatterer is an infinitely long cylinder with axis in the z-direction and that the incident electromagnetic field is a plane wave propagating in the direction perpendicular to the cylinder. Let the bounded domain D ⊂ R 2 with Lipschitz boundary Γ be the cross section of the cylinder such that the exterior domain D e := R 2 \ D is connected. We denote by ν the outward unit normal to Γ defined almost everywhere on Γ. The boundary Γ = Γ 1 ∪ Π ∪ Γ 2 is split into two open disjoint parts Γ 1 and Γ 2 having Π as their possible common boundary in Γ. Here Γ 1 corresponds to the uncoated part and Γ 2 corresponds to the coated part. We assume that the dielectric is orthotropic; i.e., the matrix N is of the form
and the functions N and η do not depend on z. If we consider incident waves such that the electric field is polarized perpendicular to the z-axis, then the magnetic fields have a component in only the z-direction, i.e.,
Assuming that N −1 exists and expressing the electric fields in terms of magnetic fields, (2.1)-(2.6) now lead to the following transmission problem for v and u: 
and denote by H
, respectively, with L 2 as a pivot space (for details, see [16] ). We recall that a function inH
For later use we also define the Hilbert space
equipped with the usual graph norm
The forward scattering problem reads: Given D, A, η as above and the incident field
, where the boundary conditions are assumed in the sense of the trace operator. In what follows, we refer to this mixed transmission problem as (MTP).
It is known [12] that solutions of the Helmholtz equation that satisfy the Sommerfeld radiation condition (2.7)(vi) have the asymptotic behavior
where u ∞ (x) is the far field pattern of the radiating solution u s . In the case of incident plane waves, u ∞ (x) depends on the incident direction d, which we indicate by u ∞ (x, d). The inverse scattering problem we are concerned with is to determine D and η from a knowledge of the far field pattern u ∞ (x, d) of the scattered field u s for x, −d ∈ Ω 0 , where Ω 0 is a subset of the unit circle Ω. Note that no a priori knowledge of the amount of coating is required. 
Now taking the imaginary part of both sides and using the fact that Im(A) ≤ 0 is a real valued matrix and η ≥ η 0 > 0, we obtain
Finally, an application of Rellich's lemma and the unique continuation principle yield u = v = 0. In order to give a variational formulation of the problem (MTP) we introduce the Dirichlet-to-Neumann map Λ : The following result is known [12] , [15] .
Lemma 3.2. There exists an operator
Integrating by parts the equations of (MTP) with a test function ϕ, we can put (MTP) into the following variational form:
Let us denote by A 1 and A 2 the following sesquilinear forms:
and
respectively. Then (3.2) becomes the following: Find w ∈ H 1 (B R \Γ 2 ) such that
where L(ϕ) denotes the continuous antilinear form defined by the right-hand side of (3.2). Obviously if w is a solution of (3.4), then v := w| D and u := w| B R ∩De satisfy the differential equations and the transmission conditions of (MTP). Then using Green's formula and the radiation condition, one can extend w = u−u i to a radiating solution of the Helmholtz equation in the exterior domain D e (see, e.g., [15] ).
Next we want to show that there exists a function w ∈ H 1 (B R \Γ 2 ) that satisfies (3.4). The uniqueness of (3.4) is equivalent to the uniqueness of a solution to (MTP) (see Lemma 3.1) . Note that, due to (2.7(iv)) and (2.7(v) 
. Using the classical trace theorems and Cauchy-Schwarz inequality, the chain of continuous imbeddings
and the boundedness of A and η, we obtain
with C 1 > 0 independent of w and ϕ. Hence A 1 is bounded. Furthermore, from the fact that Re(A) is positive definite together with Lemma 3.2, we obtain the following coercivity result:
, where the constant C 2 > 0 does not depend on w. Next, based on the Riesz representation theorem, we define an operator K :
The compact embedding of
) and the compactness of the operator Λ − Λ 0 from Lemma 3.2 imply that the operator K is compact.
The above analysis shows that the Fredholm alternative can be applied to (3.2), which, together with the uniqueness of a solution to (3.2), implies the solvability of (3.2) and therefore the solvability of (2.7). Summarizing the above analysis, we have proved the following theorem.
The interior transmission problem.
As will be seen in what follows, an important role in solving the inverse problem of determining D and η is played by the interior transmission problem:
In the remainder of the paper we will refer to (3.5) as (IMTP). The well-posedness of the interior transmission problem in the case when η ≡ 0 and r = 0 is established in [7] . Here we will adapt the variational approach used in [7] to our mixed transmission case. In order to avoid repetition we will only sketch the proof, emphasizing the changes due to the boundary terms involving η. We first modify (IMTP) to
where
, and 2 ∈ L 2 (D). We will now reformulate (3.6) as an equivalent variational problem. To this end let
, and curl w = 0 and ν · w| Γ2 ∈ L 2 (Γ 2 )} equipped with the natural norm
and denote by · , · the duality pairing between H 1 2 (Γ) and H
We also introduce the duality identity
. By doing exactly the same as in the proof of Theorem 3.3 in [7] , one can show that the modified interior transmission problem (3.6) is equivalent to the following variational problem:
where the sesquilinear form A defined in (
and the antilinear form L is given by
The modified interior transmission problem (3.6) has a unique solution (v, w) ∈ 
From the duality identity (3.7) and Schwarz's inequality we have
Hence since γ > 1, we conclude that
which means that A is coercive; i.e.,
where C = min((γ − 1)/(γ + 1), η 0 ). Therefore from the Lax-Milgram theorem we have that the variational problem (3.8) is uniquely solvable, whence the modified interior transmission problem has a unique solution (u, v) that satisfies
where C > 0 is independent on f, h, r.
Then the Fredholm alternative can be applied to the problem (IMTP).
Proof. Let us define
and consider the operator
where m > 1. We have shown that the inverse of G exists and is continuous. Since G is continuous, we deduce that G is a bijective operator. Now consider the operator
By the compact embedding of
, the operator T is compact. Hence G + T is a Fredholm operator of index one, which proves the theorem.
By modifying the variational approach of [9] in a similar way, one can also prove the following result. Proof. Let us consider the homogeneous problem (i.e., f = h = r = 0). Applying the divergence theorem to v and A∇v, making use of the boundary conditions, and applying Green's theorem for w and w, we obtain We summarize the above analysis in the following theorem.
Then the interior transmission problem (IMTP) has a unique solution (v, w) which satisfies
The values of k for which (IMTP) is not uniquely solvable are called the transmission eigenvalues. The latter may occur, for example, ifξ · Im(A) ξ = 0 in D. In this case, from the proof of Lemma 3.6 we obtain that ∂w ∂ν = 0 on Γ 2 , whence the eigenvalues of (IMTP) form a subset of the transmission eigenvalues corresponding to the (usual) interior transmission problem discussed in [7] . Moreover, if Γ 2 = Γ, then the eigenvalues of (IMTP) form a subset of the Neumann eigenvalues of −∇ · A∇.
The inverse problem.
The inverse problem that we consider here is to determine both the shape of the scattering object D and the surface conductivity η from a knowledge of the far field pattern u ∞ (x, d) for all incident plane waves
∈ Ω, and all observation directionsx ∈ Ω. (Note that it suffices to know the far field pattern corresponding to all d ∈ Ω 1 ⊂ Ω and allx ∈ Ω 2 ⊂ Ω; of particular interest is the case d = −x ∈ Ω 0 ⊂ Ω.) We start the investigation of the inverse problem by stating a uniqueness theorem for determining the support D. 
Moreover, let us assume that eitherξ
This theorem is proved in [8] for the case of Maxwell's equations in R 3 . In the scalar case under consideration, one can adapt the approach of Hähner in [15] to prove the above theorem. Note that the main ingredient of Hähner's approach is the well-posedness of the (modified) interior transmission problem investigated in section 3.1.
The next question to ask is the uniqueness of the surface conductivity η. From the above theorem we can now assume that D is known. Furthermore, we require that for an arbitrarily choice of Γ 2 , A, and η there exist at least one incident plane wave such that the corresponding total field u satisfies ∂u ∂ν Γ0 = 0, where Γ 0 ⊂ Γ is an arbitrary portion of Γ. In the context of our application this is a reasonable assumption since otherwise the portion of the boundary where
= 0 for all incident plane waves will behave like a perfect conductor, contrary to the assumption that the metallic coating is thin enough for the incident field to penetrate into D. We can prove the following result. 
\D. Hence, from the transmission condition, the difference We now define the far field operator F :
and introduce the far field equation 
0 being a Hankel function of the first kind of order zero. A reconstruction of D can be obtained by using the linear sampling method which characterizes the support D from a solution of the far field equation (4.5) (see, e.g., [3] , [7] ). Assuming that D is known, our goal is to provide a formula for computing the L ∞ norm of η in terms of the solution of the far field equation (4.5) .
To this end, assuming that k is not a transmission eigenvalue, for z ∈ D we denote by v z and w z the unique solution of the interior transmission problem
We recall that a Herglotz wave function with kernel g ∈ L 2 (Ω) is an entire solution of the Helmholtz equation defined by
The following theorem holds. 
Moreover, there exists a positive constant c > 0 independent of and z such that
Proof. To prove the first part of the theorem we first show that the operator
has dense range. To this end it suffices to show that the corresponding dual operator
is injective. By interchanging the order of integration, one can show that
are the extension by zero to the whole boundary Γ of φ and ψ, respectively. Assume that H * (φ, ψ) = 0. Since H * (φ, ψ) is, up to a constant, the far field pattern of the potential
which satisfies the Helmholtz equation in D e , from Rellich's lemma we have that P (x) = 0 in D e . As x → Γ, the following jump relations (in the L 2 limit sense [12] , [16] ) hold:
where by the superscript + and − we distinguish the limits obtained by approaching the boundary Γ from D e and D, respectively. Using the fact that P + = ∂P + ∂ν = 0, we see that P satisfies the Helmholtz equation and
where the equalities are understood in the L 2 limit sense. Using Green's theorem and a parallel surface argument, one can conclude as in Theorem 2.1 in [3] that P = 0 in D, whence from the above jump relations φ = ψ = 0. 
, we obtain that w can be approximated by a Herglotz wave function v g with respect to the H 1 (D, Γ 2 )-norm, which proves the first part of the theorem. Note that, by a change of variable, v g defined by (4.7) can be written as Ω e
−ikx·d g(d)ds(d). Next let z ∈ D. Then γe
−ikx·z is the far field pattern of the radiating solution Φ(x, z). Let w z and v z be the unique solution of (4.6). Obviously v z and Φ(x, z) satisfy (MTP) with incident field the H 1 loc (R)-extension of w z . The well-posedness of (MTP) (section 3) together with the classical trace theorems and the approximation of w z by a Herglotz wave function v g z show that for every > 0 In particular, since 
On the other hand, from the boundary conditions we have
Green's theorem applied to the radiating solution Φ(·, z) of the Helmholtz equation in D e implies that [13] 
and from the representation formula for w z1 and w z2 we now obtain
Dividing both sides of the above relation by i yields the result.
In the following we consider a ball B r ⊂ D of radius r contained in D and define a subset of L 2 (Γ 2 ) by
z ∈ B r and w z , v z the solution of (4.6).
⎫ ⎬ ⎭ Lemma 4.5. Assuming that k is neither a transmission eigenvalue nor a Neumann eigenvalue for
as the unique solution of the interior transmission problem
Then we have
Next from the equations for v z and v, the divergence theorem, and the transmission conditions, we have
Finally, substituting (4.14) into (4.13) and using the integral representation formula yields 
where w z is such that (w z , v z ) solves (4.6) and the sums are arbitrary finite sums. Proof. We recall that
The theorem then follows from Lemmas 4.4 and 4.5 by fixing first z 2 and then z 1 and considering linear combinations of ∂Wz ∂ν for different z ∈ B r . Given that D is known, w z in the right-hand side of (4.16) still cannot be computed, since it depends on the unknown functions η and A. However, from Theorem 4.3, we can use in (4.16) an approximation to w z given by the Herglotz wave function v g z with kernel g z being the (regularized) solutions of the far field equation (4.5). In the particular case where the coating is homogeneous, i.e., the surface conductivity is a positive constant η > 0, we can further simplify (4.16). In particular, fix an arbitrary point z 0 ∈ B r and consider z 1 = z 2 = z 0 . Then (4.12) simply becomes
A drawback of (4.16) and (4.17) is that the extent of the coating Γ 2 is not known. Thus, in practice these expressions provide only a lower bound for η L∞(Γ2) . However, if the object is fully coated, that is, Γ 2 = Γ, we can compute an approximation of η L∞(Γ2) by (4.12) and (4.17), where Γ 2 is replaced by of Γ.
Remarks on Maxwell's equations in R
3 . The analysis of the previous three sections for the case of scattering by an infinite cylinder can in principle be extended to the scattering of electromagnetic waves by a bounded dielectric in R 3 . In this case the direct scattering problem is given by (2.1)-(2.6), and the existence of a unique solution to this problem was established in [8] . The results for the inverse scattering problem for an infinite cylinder established in section 4 of this paper can in turn be extended to the case of Maxwell's equations in R 3 , provided that one can establish the existence of a unique solution to the interior transmission problem
together with the boundary relations
where E e (·, z, q), H e (·, z, q) is the electric dipole defined by
where q ∈ R 3 is a constant vector and
Unfortunately this result remains an open problem. (For the existence of a unique solution to a modified version of (5.1)-(5.3), see [8] .) Assuming the existence of a unique solution of (5.1)-(5.3), one can now proceed to derive the three-dimensional analogue of Theorem 4.6; i.e., if Im(N ) = 0 and k is not a transmission eigenvalue, then
where B r ⊂ D is a ball of radius r;
, (5.6) j 0 and j 2 being spherical Bessel functions of order 0 and 2, respectively; φ is the angle between (z i −z j ) and q; and E z , E int z is the unique solution of the interior transmission problem (5.1)-(5.3). In particular, E z can be approximated by
where Ω := {x ∈ R 3 : |x| = 1} and g z is the (regularized) solution of the far field equation
Here E ∞ is the electric far field pattern corresponding to the scattering problem (2.1)-(2.6), and E e,∞ is the electric far field pattern of the electric dipole (5.4). For details in the case of a perfect conductor coated by a dielectric, see section 3 of [5] .
In the special case when η is a constant, (5.5) simplifies to
where z 0 is an arbitrary point in D.
Numerical examples.
In this section we shall present some numerical tests of the inversion scheme using synthetic far field data for the Helmholtz equation. For a given scatterer, the far field data is computed by using a cubic finite element code to approximate the near field, and then employing a near to far field transformation [18] . The finite element computational domain is terminated by a rectilinear perfectly matched layer using a linear absorption function in the layer [2] , [10] .
Having computed approximate values of the far field pattern at N uniformly spaced points on the unit circle for N incoming waves, we have an N × N matrix A of approximate far field data
where u h,∞ is the finite element far field pattern. To this we add further noise with parameter to obtain A using
where ξ 1,m,n and ξ 2,m,n are given by a random number generator, uniformly distributed in the range [−1, 1]. Unless otherwise stated, = 0.01 in these studies. For a given sampling point z, the discrete far field equation is then to compute
This ill-conditioned problem is solved approximately using the Tikhonov regularization and the Morozov discrepancy principle as described, for example, in [14] .
Exact knowledge of the boundary.
We start as in [5] , assuming an exact knowledge of the boundary in order to assess the accuracy of (4.17) without the added error of computing an approximation to the boundary of the scatterer. In this case, for a given scatterer, we compute g for z = z 0 using the Morozov method outlined in the previous section, and then approximate (4.17) using the trapezoidal rule with 100 integration points. After limited experiments, we choose z 0 = (0, 0) T (both upcoming examples have this point as their centroid).
To simplify the presentation, we have limited our discussion to two scatterers: an ellipse given by x = 0.5 cos(s) and y = 0. For the ellipse we consider either a fully coated or partially coated object. The partially coated boundary is shown in Figure 6 .1. In Figure 6 .2 we show results of the reconstruction of a range of conductivities η for the fully coated ellipse, partially coated ellipse, and fully coated rectangle. For each exact η we compute the far field data, add noise, and compute an approximation to w z0 , as discussed before. Despite the noise on the data, η is well approximated in the case of the fully coated scatterers, provided that the conductivity is not too large. In all cases the approximation of η deteriorates for large conductivities, and as expected, (4.17) leads to an underestimate of η when the boundary is partially coated. These limited examples suggest that (4.17) provides a viable method for reconstructing η, provided that η is small enough and the boundary of the scatterer is known sufficiently accurately. 
The ellipse.
We now wish to investigate the solution of the full inverse problem. We start by using the standard linear sampling method to approximate the boundary of the scatterer. In particular we compute 1/ g for z on a uniform grid in the sampling domain. In the upcoming numerical results we have arbitrarily chosen N = 61, and we sample on a 101 × 101 grid on the square [−1, 1] × [−1, 1]. This procedure takes around 10 seconds in MATLAB on an Apple G5 computer, so it is not time-consuming.
Having computed g for each sample point, we have a discrete level set function 1/ g . Choosing a contour value C then provides a reconstruction of the support of the given scatterer. We extract the edge of the reconstruction and then fit this using a trigonometric polynomial of degree M , assuming that the reconstruction is star-like with respect to the origin. (For more advanced applications it would be necessary to employ a more elaborate smoothing procedure.) Thus for an angle θ the radius of the reconstruction is given by
where r is measured from the origin (since in all the examples here the origin is within the scatterer). The coefficients r n are found using a least squares fit to the boundary identified in the previous step of the algorithm. Once we have a parameterization of the reconstructed boundary, we can compute the normal to the boundary and evaluate (4.17) for some choice of z 0 (in the examples always z 0 = (0, 0) T ) using the trapezoidal rule with 100 points. This provides our reconstruction of η. Figure 6 .3 shows the main steps for evaluating our prediction of η for the ellipse. Here we choose η = 1 on the entire ellipse (fully coated). In (a) we see a plot of 1/ g (normalized so that the maximum value is 1) as a function of position. In this case the choice = 0.01 for the additional error in the far field pattern gives an error of 1.3% in the spectral norm for A.
We then make the arbitrary choice C = 0.3 (i.e., due to the normalization, the value is 0.3 times the maximum of 1/ g ). Figure 6 .3(b) are then fitted using M = 8 in the trigonometric polynomial for r(θ), and the resulting curve is shown as a light curve on the figure. We also indicate, using a thick black line, the true ellipse. We have deliberately chosen a contour value C that does not give the best reconstruction of the ellipse so that the different geometric features can be easily seen. Using this reconstruction results in a predicted value of η = 0.8372 (compared to the true value η = 1). With both scatterers in this study we have observed that a poor choice of the cutoff C tends to result in a predicted value of η that is too small. Therefore we now suggest sweeping through a range of values of C, and we find that the maximum value of η correlates with a good reconstruction of the scatterer and a better approximation of the true value of η. We show this in Figure 6 .4 for the fully coated ellipse. The largest predicted value of η is η = 1.05 when C = .3567, and the reconstruction of the scatterer is better than choosing C = 0.3.
The reconstruction algorithm is next investigated for a range of values of η. For each exact η we apply the reconstruction algorithm using multiple cutoffs and plot the corresponding reconstruction of η. The results are shown in Figure 6 .5 and should be compared to those in Figure 6.2(a) . Given that the shape of the object and the parameter η are both being reconstructed, the results show reasonable agreement of the reconstruction up to approximately η = 1.5. For larger values of η the reconstruction deteriorates, perhaps because the field inside the scatterer diminishes as η increases. In this case the linear sampling method is able to provide a sufficiently accurate approximation of the ellipse so that the reconstruction of η in Figures 6.2 and 6.5 is of comparable accuracy.
Next we consider the partially coated ellipse (see Figure 6 .1). The inversion algorithm is unchanged (both the boundary of the scatterer and η are reconstructed). The results are shown in Figure 6 .6(a)-(c) when η = 1, and the results for a range of η are shown in Figure 6 .6(d). The linear sampling method can still reconstruct the ellipse with reasonable fidelity despite the partial coating, and so the results in Figure 6 .6(d) and Figure 6 .2(a) are comparable. Recall that, for a partially coated obstacle, (4.17) provides only a lower bound for η.
Rectangular scatterer.
Finally we show the reconstruction of the surface conductivity of the fully coated rectangular scatterer. Results for a range of η are shown in Figure 6 .7. Comparing this to the reconstruction computed using the exact boundary (shown in Figure 6.2(b) ), the results are much worse.
The deterioration of the results for the full inversion scheme can be explained by considering one choice of η in detail. In Figure 6 .8 we show the full reconstruction procedure for η = 1. As in the case of the ellipse, we use the linear sampling method to provide an indicator function for the boundary of the rectangle, but, compared to the ellipse, the reconstruction of the boundary shown in Figure 6 .8(b) (at the best cutoff C) is now quite poor. From this reconstruction we need to compute the normal derivative of w z0 . It is clear that this will be poorly approximated, and thus (4.17) will provide a poor approximation to η.
Conclusion.
We have provided a method for estimating the surface conductivity of a scatterer from far field measurements. Numerical experiments show that this method can be combined with the linear sampling method to simultaneously identify the shape of the scatterer and the conductivity, provided that the shape of the scatterer can be computed with sufficient accuracy. Limitations include the fact that the method becomes inaccurate for large values of the surface conductivity, and the quality of the reconstruction of the conductivity can also be adversely influenced by the quality of the reconstruction of the scatterer. This may in part be due to the need to use the normal derivative of the Herglotz wave function in (4.17) . We now plan to investigate the use of the electric far field pattern, which should allow us to avoid the normal derivative. However considerable mathematical difficulties need to be overcome, and in particular the existence of a solution of the interior transmission problem is not known in this case.
